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Abstract
Traversable wormholes, tunnel like structures introduced by Morris & Thorne [1], have
a significant role in connection of two different space-times or two different parts of the
same space-time. The characteristics of these wormholes depend upon the redshift and shape
functions which are defined in terms of radial coordinate. In literature, several shape functions
are defined and wormholes are studied in f(R) gravity with respect to these shape functions
[55,57,60]. In this paper, two shape functions (i) b(r) =
r0 log(r + 1)
log(r0 + 1)
and (ii) b(r) = r0(
r
r0
)γ ,
0 < γ < 1 are considered. The first shape function is newly defined, however the second one
is collected from the literature [77]. The wormholes are investigated for each type of shape
function in f(R) gravity with f(R) = R + αRm − βR−n, where m, n, α, and β are real
constants. Varying parameters α or β, f(R) model is studied in five subcases for each type
of shape function. In each case, the energy density, radial & tangential pressures, energy
conditions that include null energy condition, weak energy condition, strong energy condition
& dominated energy condition, and anisotropic parameter are computed. The energy density
is found to be positive and all energy conditions are obtained to be violated which supports
the existence of wormholes. Also, the equation of state parameter is obtained to possess values
less than -1, that shows the presence of the phantom fluid and leads towards the expansion
of the universe.
Keywords: Wormhole; f(R) gravity; Shape function; Energy condition
1 Introduction
A wormhole has a tube-like structure which is asymptotically flat on both sides. It gives rise to
the geometries that connect any two points of the same space-time or two different space-times.
A wormhole is static or non-static in accordance with the constant or variable radius of its throat.
Wormholes have been studied in various aspects in literature [1–5]
These arise as a non-vacuum solution of Einstein’s field equations. Flamm [6] first studied
wormhole type solutions in Einstein gravity, but his solutions were found to be unstable. Then
Einstein and Rosen [7] represented particle by a bridge which is known as Einstein-Rosen bridge and
carried out a comprehensive study of wormhole solutions. Wheeler [8] obtained Kerr wormholes
which are the objects of quantum foam, connects different parts of space-time and operates at
the Planck scale. But these wormholes were not traversable. Thorne and his student Morris
∗Corresponding author.
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[1], understood the structure of wormholes with a throat & two mouths and introduced static
traversable wormholes and sparked this area. They used the principles of general relativity and
found a possible way of time travelling. The existence of wormholes demands the presence of some
exotic matter that violates the energy conditions [9,10]. But there is a lack of the matter bearing
the geometry of the wormhole. This led to the investigation that whether the modified theory of
gravity explaining the acceleration of the universe can describe the wormhole structure.
In the literature, several theories have been introduced and studied. Among these, f(R) theory
of gravity is found to be a suitable candidate theory which modifies Einstein’s theory of general
relativity by replacing the gravitational action R by an arbitrary function f(R), where R is the
Ricci scalar. This theory provides more complex equations than general relativity and gives a
larger set of solutions. Using this theory, Starobinsky [11] first proposed an accelerated model of
inflation. Sotiriou [12] studied the conditions for the equivalence of f(R) and scalar tensor theories.
Nojiri and Odintsov [13] investigated a number of modified theories and discussed their properties.
They provided cosmological reconstruction of modified theories and discussed Big Rip & future
singularities. They also investigated various realistic f(R) models that unify the inflation with
dark energy. Huang [14] investigated an f(R) model of inflation. Many other cosmologists have
also investigated f(R) theory of gravity in various aspects [15–45].
Numerous efforts have also been put for the exploration of wormhole geometries. The wormholes
violates the energy conditions, therefore they do not appear as a solution of classical gravity with
matter and indicates the possibility of occurrence of wormholes at quantum level. Hochberg et
al. [46] obtained solution of semi classical Einstein field equations representing wormholes. Nojiri
et al. [47] obtained the possibility of inducing wormholes in early time using effective equation
method. This approach is limited only with the scalar matter. Successively, Nojiri et al. [48]
answered about the existence of spherically symmetric wormholes from GUTs at the early universe.
They used large N, 4d anomaly induced one loop effective action and some initial conditions
and proved that the wormhole structures can be produced numerically due to GUTs effects at
early times. Lemos et al. [49] reviewed the ideas developed in the field of wormholes, analyzed
the traversable wormholes in the occurrence of generic cosmological constant and studied several
physical properties due to the presence of cosmological constant term. Furey & De Bendictis [50]
adopted non-linear powers of Ricci scalar in gravitational action and studied wormholes. They
obtained the existence of static wormhole satisfying the weak energy condition. Dotti et al. [51]
considered higher dimensional gravity and studied wormhole solutions in vacuum. Spherically
symmetric traversable wormholes have also been studied using modified Chaplygin gas in [52–54].
Lobo and Oliveira [55] developed traversable wormhole structures in modified f(R) gravity. They
found the higher order curvature derivative terms responsible for the violation of the null energy
condition and supporting the nonstandard wormhole structures. They considered constant redshift
function, some specific shape functions and various equations of state to find the exact solutions.
Cataldo et al. [56] presented Lorentzian wormhole solutions for Einstien’s field equations. They
used barotropic equation of state for radial and lateral pressures and explored static and evolving
wormholes in N + 1 dimensions. Saiedi and Esfahani [57] considered shape and redshift functions
are constant and scale factor as some positive power of cosmic time. They constructed wormhole
solutions in f(R) gravity and inspected null and weak energy conditions. Bouhmadi-Lo´pez et
al. [58] considered the sum of energy density and radial pressure to be proportional to a constant
less than the area of the wormhole mouth. They examined the solutions of spherically symmetric
wormhole and analyze the stability regions. Najafi et al. [59] took an extra space-like dimension
2
and studied traversable wormhole in FLRW model. They analyzed the effect of extra dimension
on energy density, scale factor and shape function. Bahamonde et al. [60] studied cosmological
wormhole in f(R) theory of gravity. They built a dynamical wormhole asymptotically approaching
towards the FLRW universe and used the approximation of small wormholes for analysis. For the
wormholes they considered, it was found that the presence of exotic matter near the throat is
not needed, however it is always needed in case of general relativity. Rahaman et al. [61] studied
wormhole solutions in Finslerian structure of space-time. They presented a wide variety of solutions
and explored wormhole geometry by considering different choices of shape function and energy
density. Zubair et al. [62] investigated wormhole solutions in the context of generalized f(R, φ)
gravity for three types of fluids. They explored energy conditions and obtained wormhole solutions
without need of exotic matter. Kuhfittig [63] considered non-commutative geometry and discussed
the existence of wormholes in f(R) gravity. He considered various shape functions and obtained
wormhole solutions satisfying general properties. He also considered f(R) = αR2 and determined
wormhole solutions. Novikov [64] reviewed wormholes and categorize them into three classes.
They determined the properties of wormholes and described the relation between black holes and
wormholes. Subsequently, many authors have been studied wormholes in different contexts [65–75].
Recently, Barros and Lobo [76] used three form fields and studied static and spherically symmetric
wormhole structures. They found various numerical and analytical solutions and showed that
in the presence of three-form fields the null and weak energy conditions are satisfied in whole
space-time.
The organization of the paper is as follows. In Sec-2, the field equations are obtained for
wormhole geometry in f(R) gravity. In Sec-3, wormhole solutions in f(R) model with two different
shape functions are obtained. Results and conclusions are finally provided in Sec-4.
2 Wormhole Geometry in f (R) Gravity
The f(R) theory of gravity is a generalization of Einstein’s theory of relativity because it replaces
the gravitational action R of general relativity by a general function f(R) of R. The gravitational
action for this theory is defined as
SG =
1
16pi
∫
[f(R) + Lm]
√−gd4x, (1)
where Lm is the matter Lagrangian density and g is the determinant of the metric gµν . Varying
Eq.(1) with respect to the metric gµν , the field equations are
f ′(R)Rµν − 1
2
f(R)gµν − OµOνf ′(R) +f ′(R)gµν = Tµν , (2)
where Rµν is the Ricci tensor, f
′
(R) = df
dR
, R is the curvature scalar and Tµν =
∂Lm
∂gµν
is the energy
momentum tensor for the matter source of the wormholes, it is defined as
Tµν = (ρ+ pt)uµuν − ptgµν + (pr − pt)XµXν , (3)
such that
uµuµ = −1 and XµXµ = 1, (4)
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where ρ, pt and pr, respectively, stand for the energy density, tangential pressure and radial
pressure. The static, spherical and symmetric metric defining the geometry of wormhole is
ds2 = −e2Φ(r)dt2 + dr
2
1− b(r)/r + r
2(dθ2 + sin2 θ2Φ2), (5)
where r is the radial coordinate, Φ(r) and b(r) are arbitrary functions of radius r only. Where
b(r) decides the spatial shape of the wormhole, hence we can say it the “shape function” and Φ(r)
determines the gravitational redshift, hence we can say it the “redshift function”. The variable
r takes values from r0 to infinity, where r0 is the radius of the throat of the wormhole. For the
existence of wormhole solutions the shape function should satisfy the following conditions:
(i) b(r0) = r0
(ii) b(r)−b
′(r)r
b2
> 0
(iii) b′(r0)− 1 ≤ 0
(iv) b(r)
r
< 1 for r > r0
(v) b(r)
r
→ 0 as r →∞.
For the absence of horizons and singularities, the redshift function should be positive for all r > r0.
In this study, the redshift function Φ(r) is taken as constant which implies that Φ′(r) = 0. The
condition Φ′(r) = 0 is known as tidal force solution which is a required property for a traversable
wormhole.
The Einstein’s field equations in the framework of f(R) gravity take the following form:
ρ = F (r)
b′(r)
r2
(6)
pr = −F (R)b(r)
r3
+ F ′(r)
rb′(r)− b(r)
2r2
− F ′′(r)(1− b(r)
r
) (7)
pt = −F
′(r)
r
(1− b(r)
r
) +
F (r)
2r3
(b(r)− rb′(r)), (8)
where F denotes the derivative of f(R) with respect to Ricci scalar R given by R(r) = 2b
′(r)
r2
and
prime upon a function denotes the derivative of that function with respect to radial coordinate r.
The equation of state parameter in terms of radial pressure is called radial state parameter and is
defined as
w =
pr
ρ
. (9)
The mass function is defined as
m =
∫ r
r0
4pir2ρdr. (10)
Further, the anisotropy parameter in terms of radial and tangential pressures is defined as
4 = pt − pr. (11)
The attractive and repulsive nature of the geometry depends on the value of the anisotropy pa-
rameter 4. If 4 is negative, then geometry is said to attractive, if it is positive, then geometry is
said to be repulsive and if it is zero, then the geometry contains isotropic pressure.
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3 Wormholes in f (R) Model with Different Shape Func-
tions
In literature, several f(R) models have been proposed and investigated [11,32,38,77–83]. However,
in this paper the model f(R) = R − α
(R−λ1)n + β(R − λ2)m proposed by Nojiri and Odintsov [78]
is considered. By introducing the auxiliary fields U and V , one may rewrite the action as follows:
S =
1
κ2
∫ √−g[V (R− U) + f(U)]d4x. (12)
If we take the variation with respect to U , then we can have V = f ′(U), which may be solved with
respect to U as U = g(V ). Eliminating U in (12) with the help of U = g(V ), we get
S =
1
κ2
∫ √−g[V (R− g(V )) + f(g(V ))]d4x. (13)
Also, one may eliminate V by using V = f ′(U) and we can have
S =
1
κ2
∫ √−g[f ′(U)(R− U) + f(U)]. (14)
The above two equations (13) and (14) are equivalent, at least classically. By assuming conformal
transformation gµν → eσgµν , d-dimensional scalar curvature is transformed as
R(d) → e−σ
(
R(d) − (d− 1)σ − (d− 1)(d− 2)
4
gµν∂µσ∂νσ
)
. (15)
For d = 4, by choosing σ = − ln f ′(U), now the action (14) can be rewritten as
SE =
1
k2
∫ √−g[R− 3
2
(
f ′′(U)
f ′(U)
)2
gρσ∂ρU∂σU − Uf
′(U)− f(U)
f ′(U)2
]
d4x. (16)
If we use σ = − ln(f ′(U)) = − lnV , the Einstein action becomes
SE =
1
κ2
∫ √−g[R− 3
2
gρσ∂ρσ∂σσ − V1(σ)
]
d4x, (17)
where V1(σ) = e
σg(e−σ)− e2σf(g(e−σ)) = Uf ′(U)−f(U)
f ′(U)2 . it is assumed f
′(U) > 0. If f ′(A) < 0, then
we may define σ = − ln |f ′(U)|. So, the sign in front of the scalar curvature becomes negative. In
other words, antigravity could be generated. As a specific choice of f(R), Nojiri and Odintsov [78]
considered
f(R) = R− α
(R− λ1)n + β(R− λ2)
m, (18)
where the coefficients n,m, α, β are real constants.
In this paper, we are motivated by the work of Nojiri and Odintsov [78] and considered the
f(R) model in the form
f(R) = R + αRm − βR−n, (19)
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where m, n, α and β are real constants. For large curvature, the term Rm dominate and produce
inflation at early times, however for low curvature the term R−n dominate and produce current
cosmic acceleration. Recently, Cao et al. [84] used this form of f(R) to study FRW model with
f(R) gravity in Palatini formalism and found it to lead towards the late time acceleration. In the
present paper, this form of f(R) is considered with the following two shape functions to study the
wormhole solutions:
(i) b(r) =
r0 log(r + 1)
log(r0 + 1)
,
(ii) b(r) = r0(
r
r0
)γ, 0 < γ < 1.
These shape functions should satisfy the required conditions discussed in Section 2 for the existence
of wormhole solutions.
3.1 Case I:
In this case, the wormhole solutions are obtained by using the shape function b(r) =
r0 log(r + 1)
log(r0 + 1)
.
The energy density, radial pressure and tangential pressure are obtained from the field equations
(6) - (8) as follows:
ρ =
r0
(
2−n−1
(
r0
r2(r+1) log(r0+1)
)−n−1(
αm2m+n
(
r0
r2(r+1) log(r0+1)
)m+n
+ βn
)
+ 1
)
r2(r + 1) log(r0 + 1)
(20)
pr = 2
−n−3((r + 1) log(r + 1)− r)
(
r0
r2(r + 1) log(r0 + 1)
)−n−1
×
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2 + βn
]
− 1
r3 log(r0 + 1)
r0 log(r + 1)×
[
2−n−1
(
αm2m+n
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
)
+ 1
(
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
− 1
r03
2−n−3r5(r + 1)3
×
(
m
(
m2 − 3m+ 2)α2m+n + βn3 + 3βn2 + 2βn( r0
r2(r + 1) log(r0 + 1)
)m+n)
×
(
r0
r2(r + 1) log(r0 + 1)
)−n
log2(r0 + 1)r log(r0 + 1)− r0 log(r + 1) (21)
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pt = − 1
2r3(r + 1) log(r0 + 1)
[
r0r − (r + 1) log(r + 1)
[
(1 + 2−n−1
[
(αm2m+n
×
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
](
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
+ 2−n−1r(r + 1)
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2
+ βn
]
(r0 log(r + 1)− r log(r0 + 1))
(
r0
r2(r + 1) log(r0 + 1)
)−n−2 ]
(22)
Adding equations (20) and (21), we have
ρ+ pr =
r0
(
2−n−1
(
r0
r2(r+1) log(r0+1)
)−n−1(
αm2m+n
(
r0
r2(r+1) log(r0+1)
)m+n
+ βn
)
+ 1
)
r2(r + 1) log(r0 + 1)
+ 2−n−3((r + 1) log(r + 1)− r)
(
r0
r2(r + 1) log(r0 + 1)
)−n−1
×
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2 + βn
]
− 1
r3 log(r0 + 1)
r0 log(r + 1)×
[
2−n−1
(
αm2m+n
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
)
+ 1
(
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
− 1
r03
2−n−3r5(r + 1)3
×
(
m
(
m2 − 3m+ 2)α2m+n + βn3 + 3βn2 + 2βn( r0
r2(r + 1) log(r0 + 1)
)m+n)
×
(
r0
r2(r + 1) log(r0 + 1)
)−n
log2(r0 + 1)r log(r0 + 1)− r0 log(r + 1) (23)
Adding equations (20) and (22), we have
ρ+ pt =
r0
(
2−n−1
(
r0
r2(r+1) log(r0+1)
)−n−1(
αm2m+n
(
r0
r2(r+1) log(r0+1)
)m+n
+ βn
)
+ 1
)
r2(r + 1) log(r0 + 1)
− 1
2r3(r + 1) log(r0 + 1)
[
r0r − (r + 1) log(r + 1)
[
(1 + 2−n−1
[
(αm2m+n
×
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
](
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
+ 2−n−1r(r + 1)
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2
+ βn
]
(r0 log(r + 1)− r log(r0 + 1))
(
r0
r2(r + 1) log(r0 + 1)
)−n−2 ]
(24)
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Adding equations (20), (21) and 2× (22), we have
ρ+ pr + 2pt =
r0
(
2−n−1
(
r0
r2(r+1) log(r0+1)
)−n−1(
αm2m+n
(
r0
r2(r+1) log(r0+1)
)m+n
+ βn
)
+ 1
)
r2(r + 1) log(r0 + 1)
+ 2−n−3((r + 1) log(r + 1)− r)
(
r0
r2(r + 1) log(r0 + 1)
)−n−1
×
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2 + βn
]
− 1
r3 log(r0 + 1)
r0 log(r + 1)×
[
2−n−1
(
αm2m+n
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
)
+ 1
(
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
− 1
r03
2−n−3r5(r + 1)3
×
(
m
(
m2 − 3m+ 2)α2m+n + βn3 + 3βn2 + 2βn( r0
r2(r + 1) log(r0 + 1)
)m+n)
×
(
r0
r2(r + 1) log(r0 + 1)
)−n
log2(r0 + 1)r log(r0 + 1)− r0 log(r + 1)
− 2
2r3(r + 1) log(r0 + 1)
[
r0r − (r + 1) log(r + 1)
[
(1 + 2−n−1
[
(αm2m+n
×
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
](
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
+ 2−n−1r(r + 1)
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2
+ βn
]
(r0 log(r + 1)− r log(r0 + 1))
(
r0
r2(r + 1) log(r0 + 1)
)−n−2 ]
(25)
ρ− |pr| =
r0
(
2−n−1
(
r0
r2(r+1) log(r0+1)
)−n−1(
αm2m+n
(
r0
r2(r+1) log(r0+1)
)m+n
+ βn
)
+ 1
)
r2(r + 1) log(r0 + 1)
−
∣∣∣∣∣2−n−3((r + 1) log(r + 1)− r)
(
r0
r2(r + 1) log(r0 + 1)
)−n−1
×
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2 + βn
]
− 1
r3 log(r0 + 1)
r0 log(r + 1)×
[
2−n−1
(
αm2m+n
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
)
+
(
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
− 1
r03
2−n−3r5(r + 1)3
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×
(
m
(
m2 − 3m+ 2)α2m+n + βn3 + 3βn2 + 2βn( r0
r2(r + 1) log(r0 + 1)
)m+n)
×
(
r0
r2(r + 1) log(r0 + 1)
)−n
log2(r0 + 1)r log(r0 + 1)− r0 log(r + 1)
∣∣∣∣∣ (26)
ρ− |pt| =
r0
(
2−n−1
(
r0
r2(r+1) log(r0+1)
)−n−1(
αm2m+n
(
r0
r2(r+1) log(r0+1)
)m+n
+ βn
)
+ 1
)
r2(r + 1) log(r0 + 1)
−
∣∣∣∣− 12r3(r + 1) log(r0 + 1)
[
r0r − (r + 1) log(r + 1)
[
(1 + 2−n−1
[
(αm2m+n
×
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
](
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
+ 2−n−1r(r + 1)
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2
+ βn
]
(r0 log(r + 1)− r log(r0 + 1))
(
r0
r2(r + 1) log(r0 + 1)
)−n−2 ]∣∣∣∣∣ (27)
pt − pr = − 1
2r3(r + 1) log(r0 + 1)
[
r0r − (r + 1) log(r + 1)
[
(1 + 2−n−1
[
(αm2m+n
×
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
](
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
+ 2−n−1r(r + 1)
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2
+ βn
]
(r0 log(r + 1)− r log(r0 + 1))
(
r0
r2(r + 1) log(r0 + 1)
)−n−2 ]
+
1
2r3(r + 1) log(r0 + 1)
[
r0r − (r + 1) log(r + 1)
[
(1 + 2−n−1
[
(αm2m+n
×
(
r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn
](
r0
r2(r + 1) log(r0 + 1)
)−n−1 ]
+ 2−n−1r(r + 1)
[
α(m− 1)m (−2m+n)( r0
r2(r + 1) log(r0 + 1)
)m+n
+ βn2
+ βn
]
(r0 log(r + 1)− r log(r0 + 1))
(
r0
r2(r + 1) log(r0 + 1)
)−n−2 ]
(28)
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Figure 1: Subcase 1(i): Plots for NEC, WEC, SEC, DEC, ω & 4 with α = 0, β = 0
(a) WEC (b) NEC (c) NEC (d) SEC
(e) DEC (f) DEC (g) ω (h) 4
Figure 2: Subcase 1(ii): Plots for NEC, WEC, SEC, DEC, ω & 4 with β = 0
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Figure 3: Subcase 1(iii): Plots for NEC, WEC, SEC, DEC, ω & 4 with α = 0
(a) WEC (b) NEC (c) NEC (d) SEC
(e) DEC (f) DEC (g) ω (h) 4
Figure 4: Subcase 1(iv): Plots for NEC, WEC, SEC, DEC, ω & 4 with β = −0.5
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Figure 5: Subcase 1(v): Plots for NEC, WEC, SEC, DEC, ω & 4 with α = −0.5
3.2 Case II
In this case, the wormhole solutions are obtained by using the shape function b(r) = r0(
r
r0
)γ,
0 < γ < 1. The energy density, radial pressure and tangential pressure are obtained from the field
equations (6) - (8) as follows:
ρ =
1
2
(
α2mm
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ β2−nn
(
−(γ − 1)
(
r0
r
)γ
r2
)−n
− 2(γ − 1)
(
r0
r
)γ
r2
)
(29)
pr =
1
(γ − 1)3r2
[
2−n−3
(r0
r
)−3γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n(
2n
(
−(γ − 1)
(
r0
r
)γ
r2
)n (−α2mm3r8
×
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 3α2mm2r8
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ γ2
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 4
(r0
r
)γ)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
− γ
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 8
(r0
r
)γ)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
+ α2m+1mr2
(
2
(r0
r
)3γ
− r6
((r0
r
)γ
− 1
))(
−(γ − 1)
(
r0
r
)γ
r2
)m
− 8γ3
(r0
r
)4γ
+ 8
(r0
r
)4γ)
− βn3r8
((r0
r
)γ
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− 1)− βn2r5
(
3r3
((r0
r
)γ
− 1
)
− (γ − 1)γ
(r0
r
)2γ)
+ βnr2
(
−2r6
((r0
r
)γ
− 1
)
+ (γ − 1)γr3
(r0
r
)2γ
+ 4(γ − 1)2
(r0
r
)3γ))]
(30)
pt =
1
4(γ − 1)2r3
[
2−nr6
(
1−
(r0
r
)γ)(r0
r
)−2γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n (
α(m− 1)m (−2m+n)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m+n
+ βn2 + βn
)
+ (1− γ)γr
(r0
r
)γ
(−2γ + α(γ − 1) (−2m)m
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m−1
− β(γ − 1)2−nn
(
−(γ − 1)
(
r0
r
)γ
r2
)−n−1
+ 2
] (31)
Adding equations (29) and (30), we have
ρ+ pr =
1
2
(
α2mm
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+
βn
2n
(
−(γ − 1)
(
r0
r
)γ
r2
)−n
− 2(γ − 1)
(
r0
r
)γ
r2
)
(32)
+
1
(γ − 1)3r2
[
2−n−3
(r0
r
)−3γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n(
2n
(
−(γ − 1)
(
r0
r
)γ
r2
)n (−α2mm3r8
×
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 3α2mm2r8
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ γ2
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 4
(r0
r
)γ)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
− γ
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 8
(r0
r
)γ)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
+ α2m+1mr2
(
2
(r0
r
)3γ
− r6
((r0
r
)γ
− 1
))(
−(γ − 1)
(
r0
r
)γ
r2
)m
− 8γ3
(r0
r
)4γ
+ 8
(r0
r
)4γ)
− βn3r8
((r0
r
)γ
− 1)− βn2r5
(
3r3
((r0
r
)γ
− 1
)
− (γ − 1)γ
(r0
r
)2γ)
+ βnr2
(
−2r6
((r0
r
)γ
− 1
)
+ (γ − 1)γr3
(r0
r
)2γ
+ 4(γ − 1)2
(r0
r
)3γ))]
(33)
Adding equations (29) and (31), we have
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ρ+ pt =
1
2
(
α2mm
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ β2−nn
(
−(γ − 1)
(
r0
r
)γ
r2
)−n
− 2(γ − 1)
(
r0
r
)γ
r2
)
+
1
4(γ − 1)2r3
[
2−nr6
(
1−
(r0
r
)γ)(r0
r
)−2γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n (
α(m− 1)m (−2m+n)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m+n
+ βn2 + βn
)
+ (1− γ)γr
(r0
r
)γ
(−2γ + α(γ − 1) (−2m)m
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m−1
− β(γ − 1)2−nn
(
−(γ − 1)
(
r0
r
)γ
r2
)−n−1
+ 2
] (34)
Adding equations (29), (30) and 2× (31), we have
ρ+ pr + 2pt =
1
2
(
αm
2−m
(
(1− γ) ( r0
r
)γ
r2
)m
+
βn
2n
(
(1− γ) ( r0
r
)γ
r2
)−n
− 2(γ − 1)
(
r0
r
)γ
r2
)
+
1
(γ − 1)3r2
[
2−n−3
(r0
r
)−3γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n(
2n
(
−(γ − 1)
(
r0
r
)γ
r2
)n (−α2mm3r8
×
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 3α2mm2r8
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ γ2
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 4
(r0
r
)γ)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
− γ
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 8
(r0
r
)γ)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
+ α2m+1mr2
(
2
(r0
r
)3γ
− r6
((r0
r
)γ
− 1
))(
−(γ − 1)
(
r0
r
)γ
r2
)m
− 8γ3
(r0
r
)4γ
+ 8
(r0
r
)4γ)
− βn3r8
((r0
r
)γ
− 1)− βn2r5
(
3r3
((r0
r
)γ
− 1
)
− (γ − 1)γ
(r0
r
)2γ)
+ βnr2
(
−2r6
((r0
r
)γ
− 1
)
+ (γ − 1)γr3
(r0
r
)2γ
+ 4(γ − 1)2
(r0
r
)3γ))]
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+ 2
[
1
4(γ − 1)2r3
[
2−nr6
(
1−
(r0
r
)γ)(r0
r
)−2γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n (
α(m− 1)m (−2m+n)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m+n
+ βn2 + βn
)
+ (1− γ)γr
(r0
r
)γ
(−2γ + α(γ − 1) (−2m)m
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m−1
− β(γ − 1)2−nn
(
−(γ − 1)
(
r0
r
)γ
r2
)−n−1
+ 2
]] (35)
ρ− |pr| = 1
2
(
α2mm
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ β2−nn
(
−(γ − 1)
(
r0
r
)γ
r2
)−n
− 2(γ − 1)
(
r0
r
)γ
r2
)
−
∣∣∣∣ 1(γ − 1)3r2
[
2−n−3
(r0
r
)−3γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n(
2n
(
−(γ − 1)
(
r0
r
)γ
r2
)n (−α2mm3r8
×
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 3α2mm2r8
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ γ2
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 4
(r0
r
)γ)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
− γ
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 8
(r0
r
)γ)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
+ α2m+1mr2
(
2
(r0
r
)3γ
− r6
((r0
r
)γ
− 1
))(
−(γ − 1)
(
r0
r
)γ
r2
)m
− 8γ3
(r0
r
)4γ
+ 8
(r0
r
)4γ)
− βn3r8
((r0
r
)γ
− 1)− βn2r5
(
3r3
((r0
r
)γ
− 1
)
− (γ − 1)γ
(r0
r
)2γ)
+ βnr2
(
−2r6
((r0
r
)γ
− 1
)
+ (γ − 1)γr3
(r0
r
)2γ
+ 4(γ − 1)2
(r0
r
)3γ))]∣∣∣∣ (36)
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ρ− |pt| = 1
2
(
α2mm
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ β2−nn
(
−(γ − 1)
(
r0
r
)γ
r2
)−n
− 2(γ − 1)
(
r0
r
)γ
r2
)
−
∣∣∣∣ 14(γ − 1)2r3
[
2−nr6
(
1−
(r0
r
)γ)(r0
r
)−2γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n (
α(m− 1)m (−2m+n)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m+n
+ βn2 + βn
)
+ (1− γ)γr
(r0
r
)γ
(−2γ + α(γ − 1) (−2m)m
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m−1
− β(γ − 1)2−nn
(
−(γ − 1)
(
r0
r
)γ
r2
)−n−1
+ 2
]∣∣∣∣ (37)
pt − pr = 1
4(γ − 1)2r3
[
2−nr6
(
1−
(r0
r
)γ)(r0
r
)−2γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n (
α(m− 1)m (−2m+n)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m+n
+ βn2 + βn
)
+ (1− γ)γr
(r0
r
)γ
(−2γ + α(γ − 1) (−2m)m
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m−1
− β(γ − 1)2−nn
(
−(γ − 1)
(
r0
r
)γ
r2
)−n−1
+ 2
]
−
[
1
(γ − 1)3r2
[
2−n−3
(r0
r
)−3γ (
−(γ − 1)
(
r0
r
)γ
r2
)−n(
2n
(
−(γ − 1)
(
r0
r
)γ
r2
)n (−α2mm3r8
×
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 3α2mm2r8
((r0
r
)γ
− 1
)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ γ2
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 4
(r0
r
)γ)
×
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
− γ
(r0
r
)2γ (
α (−2m)m2r5
(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ α2mmr2
(
r3 + 8
(r0
r
)γ)(
−(γ − 1)
(
r0
r
)γ
r2
)m
+ 24
(r0
r
)2γ)
+ α2m+1mr2
(
2
(r0
r
)3γ
− r6
((r0
r
)γ
− 1
))(
−(γ − 1)
(
r0
r
)γ
r2
)m
− 8γ3
(r0
r
)4γ
+ 8
(r0
r
)4γ)
− βn3r8
((r0
r
)γ
− 1)− βn2r5
(
3r3
((r0
r
)γ
− 1
)
− (γ − 1)γ
(r0
r
)2γ)
+ βnr2
(
−2r6
((r0
r
)γ
− 1
)
+ (γ − 1)γr3
(r0
r
)2γ
+ 4(γ − 1)2
(r0
r
)3γ))]]
(38)
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Figure 6: Subcase 2(i): Plots for NEC, WEC, SEC & DEC, ω & 4 with α = 0, β = 0
(a) WEC (b) NEC (c) NEC (d) SEC
(e) DEC (f) DEC (g) ω (h) 4
Figure 7: Subcase 2(ii): Plots for NEC, WEC, SEC, DEC, ω & 4 with β = 0
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Figure 8: Subcase 2(iii): Plots for NEC, WEC, SEC, DEC, ω & 4 with α = 0
(a) WEC (b) NEC (c) NEC (d) SEC
(e) DEC (f) DEC (g) ω (h) 4
Figure 9: Subcase 2(iv): Plots for NEC, WEC, SEC, DEC, ω & 4 with β = −0.5
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(e) DEC (f) DEC (g) ω (h) 4
Figure 10: Subcase 2(v): Plots for NEC, WEC, SEC, DEC, ω & 4 with α = 0.5
4 Results and Perspectives
The important energy conditions are the Null Energy Condition (NEC), Weak Energy Condi-
tion (WEC), Strong Energy Condition (SEC) and Dominated Energy Condition (DEC). These
conditions are expressed as follows:
(I) ρ+ pr ≥ 0, ρ+ pt ≥ 0
(II) ρ ≥ 0, ρ+ pr > 0, ρ+ pt > 0
(III) ρ+ pr ≥ 0, ρ+ pt ≥ 0, ρ+ pr + 2pt ≥ 0
(IV) ρ ≥ 0, ρ− |pr| ≥ 0, ρ− |pt| ≥ 0
The wormholes are non-vacuum solutions of Einstein’s field equations and according to Einstein’s
field theory, they are filled with a matter which is different from the normal matter and is known
as exotic matter. This matter does not validate the energy conditions.
In this paper, the wormhole solutions are explored with two different shape functions in f(R)
theory of gravity. The function f(R) is taken as f(R) = R + αRm − βR−n, where m and n
are arbitrary constants. The two shape functions are chosen as b(r) =
r0 log(r + 1)
log(r0 + 1)
and b(r) =
r0(
r
r0
)γ. Both of the functions satisfy all the conditions discussed in Section 2. In this work, the
energy conditions are investigated and, anisotropy parameter & equation of state parameter are
analyzed based on two different shape functions in two cases. Since the function f(R) contains
two parameters α and β, so according to the values of these parameters, both of the cases have
been dealt with the following five subcases: (i) α = 0, β = 0, (ii) α-variable, β = 0, (iii) α = 0,
β-variable, (iv) α-variable, β-non-zero constant, (v) α-non-zero constant, β-variable.
For each shape function, Subcase (i) reduces to the general relativity, Subcase (ii), reduces
to the Starobinsky model [11] with m = 2 which was introduced for the explanation of early
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time inflation, Subcase (iii) leads to the form f(R) = R − βR−n used by Cao et al. [84] for
the investigation of late time acceleration in the context of FRW universe, Subcase (iv) converts
to f(R) = R + αR−
1
2 − βR 12 with m = n = −1
2
, α as variable and β as a non-zero constant,
studied in [84], finally in Subcase (v) it takes the form f(R) = R + αR−
1
2 − βR 12 for case 1 and
f(R) = R + αR
1
2 − βR 12 for case 2 with α as constant and β as variable. The energy density ρ,
various combinations of energy density and pressure i.e. ρ + pr, ρ + pt, ρ + pr + 2pt, ρ − |pr| and
ρ− |pt|, equation of state parameter and anisotropy parameter are plotted for all five subcases of
Case 1 in Figures 1-5 and for Case 2 in Figures 6-10 with respect to the radial coordinate r.
For Case 1, in Subcase 1(i), the function adopts the form f(R) = R, which is free from
parameters α and β. Therefore, two dimensional graphs are obtained in Fig. (1). In rest subcases,
either α is variable or β is variable. That is why, three dimensional graphs are obtained in all other
four subcases. In Subcase 1(i), ρ and ρ+pt are obtained to be positive and decreasing to zero with
the variation of r (Figures 1(a) & 1(c)). However, ρ + pr and ρ − |pr| are come out be negative,
increasing and tending towards zero with the increment in r (Figures 1(b) and 1(e)). One DEC
term ρ − |pt| is decreasing for small range of r and then it is increasing, negative and tending to
zero (Fig. 1(f)). One SEC term ρ + pr + 2pt is fluctuating between positive and negative values
and going to zero with the increment of r (Fig. 1(d)). The anisotropy parameter is obtained to
be positive (Fig. 1(h)). Thus, all the energy conditions are violated and geometry is repulsive in
Subcase 1(i). In Subcase 1(ii), f(R) = R + αR2. Varying the parameter α along with r, only
the energy density is obtained to be positive and tending to zero (Fig. 2(a)). All other energy
condition terms are found to negative with the variation of α and r (Figures 2(b)-2(f)). The
anisotropy parameter possesses negative values with respect to radial coordinate (Fig. (2(h))).
This subcase shows the violation of all energy conditions and the geometry to be of attractive in
nature. In Subcase 1(iii), f(R) = R− βR−n. Taking n = −0.5 and varying β and r, ρ and ρ+ pt
are found to be positively decreasing functions of r (Figures 3(a), 3(c)). Other energy condition
terms are found to be negatively decreasing functions of r (Figures 3(b), 3(d)-3(f)). The anisotropy
parameter is negative value with respect to radial coordinate (Fig. 3(h)). This shows attractive
nature of geometry and violation of all energy conditions. In Subcases 1(iv) and 1(v), the form of
f(R) is f(R) = R+αR−
1
2 −βR 12 . In Subcase 1(iv), taking β = −0.5 and α as variable, ρ and ρ+pt
are found to be positive and decreasing functions with respect to r (Figures 4(a), 4(c)). All other
combinations of pressure and energy density are found to be negative (Figures 4(b), 4(d)-4(f)).
In Subcase (v), α is taken to be equal to -0.5 and β is varied. Then, again both ρ and ρ + pt
are found to be positive and decreasing functions with respect to r (Figures 5(a), 5(c)) and other
energy condition terms are come out to be negative (Figures 5(b), 5(d), 5(e), 5(f)). The anisotropy
parameter has positive values with the increment in radial coordinate in both subcases 1(iv) and
1(v) (Figures 4(h), 5(h)). This represents that the geometry is repulsive in nature and all energy
conditions are violated in both Subcases 1(iv) and 1(v).
For Case 2, in Subcase 2(i), the graphs are drawn for f(R) = R. In Figures 6(a), 6(c) & 6(f), ρ,
ρ+pt and ρ−|pt| are positive, decreasing and tending to zero as r tends to infinity. In Figures 6(b)
and 6(e), ρ+pr and ρ−|pr| are found to be negative, increasing and tending towards zero with the
increment in r. Like Subcase 1(i), SEC term ρ+ pr + 2pt fluctuates between positive and negative
values and then tends to zero as r increases (Fig. 6(d)). The anisotropy parameter is come out
to be positive with radial coordinate (Fig. (6(h))). Thus, the geometry has repulsive nature and
all the energy conditions are violated in Subcase 2(i). In Subcase 2(ii), for f(R) = R + αR2, the
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parameter α is varied with r. In this subcase, only the energy density is obtained to be positively
decreasing function and tending to zero (Fig. 7(a)). However, all other energy condition terms are
found to be negative with the change in α and r (Figures 7(b)-7(f)). The anisotropy parameter
has negative values (Fig. (7(h))). Hence, the geometry is attractive and all the energy conditions
are dissatisfied. In Subcase 2(iii), the function f(R) is read as f(R) = R−βR−n. Taking n = −0.5
and varying β and r, ρ, ρ+ pt & ρ+ pr + 2pt are found to be positively decreasing functions of r
(Figures 8(a), 8(c), 8(d)). Other energy condition terms are found to have negative values with the
increment in r (Figures 8(b), 8(e), 8(f)). The anisotropy parameter is obtained to be positive (Fig.
8(h)). This again shows the violation of all energy conditions and the geometry to be repulsive
in nature. In Subcases 2(iv), the function f(R) has the form f(R) = R + αR−
1
2 − βR 12 with
β = −0.5 and α as a variable. Here, only ρ possesses positive values and decreases with respect
to r (Figures 9(a)). However, all other combinations take negative values (Figures 9(b)-9(f)). The
anisotropy parameter is obtained to negative with the radial coordinate (Fig. 9(h)). Thus, all
energy conditions are dissatisfied and geometry is attractive in this subcase. In Subcase 2(v),
f(R) = R + αR
1
2 − βR 12 with α = 0.5 and β as a variable. Here also, only ρ is positive and
decreasing functions of r (Figure 10(a)) and other energy condition terms are negative (Figures
10(b)-10(f)). The anisotropy parameter is found to have negative values with the change in radial
coordinate (Fig. 10(h)). This represents an attractive nature of geometry and violation of all
energy conditions. In each subcase of both cases, the equation of state parameter is observed to
have values less than -1 with the increment in the radial coordinate (Figures (1(g), 2(g), 3(g), 4(g),
5(g), 6(g), 7(g), 8(g), 9(g), 10(g))). Since the energy density is obtained to be positive in every
subcase (Figures (1(a), 2(a), 3(a), 4(a), 5(a), 6(a), 7(a), 8(a), 9(a), 10(a))), therefore the value
of the mass function, defined in Eq. 10, is also positive. Thus, no subcase satisfies any energy
condition and hence strongly shows the presence of exotic matter which confirms the existence of
wormholes in the universe.
In this work, wormhole models are presented in f(R) gravity. The structure of wormholes is
characterized by the choice of the shape function and this shape function needs to satisfy various
conditions. Here, two shape functions satisfying all the desired properties are taken to investigate
wormholes with the background of f(R) model in which the function f(R) is taken to be dependent
on two parameters. Depending upon the values of these parameters, its five forms are dealt with
for each type of shape function. The energy conditions are calculated and plotted. All these are
found to be violated (Table 1). Since the existence of exotic or abnormal matter demands this
violation, therefore the framed wormholes strongly confirm their existence in the universe. The
value of equation of parameter is obtained to be less than -1 which specify the wormholes to be
filled with phantom fluid. In both cases, the value of anisotropy parameter, that shows the nature
of geometry, is found to have same nature for GR and Starobinsky models for both types of shape
functions. In GR case, it shows repulsive nature, while in Starobinsky case, it represents attractive
nature. In rest cases, the behavior of anisotropy parameter is different for different shape functions.
Thus, every shape function has a significant role in determining the geometry, the type of filled
fluid and the type of present matter in the context of wormholes.
Acknowledgment: GCS thanks to IUCAA, Pune (India) for hospitality during an academic
visit where a part of this work is executed. GCS is also thankful to Council of Scientific and
Industrial Research (CSIR), Govt. of India, for providing support (Ref. No. 25(0260)/17/EMR-
II) for carrying out the research work. We are also very much thankful to the reviewer and editor
21
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4 DEC Violated Violated Violated Violated Violated
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